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Let p be an odd prime and let R be a set of least positive residues module p 
such that p is a member of R and such that if d belongs to R, then so does p-d. 
Using the Hardy-Ramanujan-Rademacher circle dissection method a con- 
vergent series representation and asymptotic formulae are obtained for the 
number of partitions of a positive integer into distinct summands, each of 
which is congruent modulo p to an element of R. 
1. INTRODUCTION 
In [3], using the Hardy-Ramanujan-Rademacher circle dissection 
method, I obtained a convergent series and asymptotic formulas for the 
number of partitions of a positive integer n into distinct summands of the 
form mp & aj . Here p is an odd prime and a, is an element of a set of 
positive residues of p each of which is less than p/2. The effect of adjoining 
p to this set so that summands divisible by p are admissible will be studied 
in the present paper. To be precise, let p >, 5 be a prime, and let 
R = {a,, a, ,..., uZr), where r > 1. Here a, = p while 1 < aj < p/2 and 
a r-j = p - aj for 1 < j < r. Our goal is to find a convergent series and 
asymptotic formulas for Q,(n), the number of partitions of a positive 
integer n into distinct summands each of which is congruent modulo p to 
an element of R. The omission from consideration of the prime 3 is of no 
significance. For in this case R = (3, 1,2} is a complete residue system 
modulo p so that Q,(n) = q(n) where q(n) is the number of partitions of 
y1 into distinct parts. q(n) has already been investigated in [2]. Moreover, 
ifp = 5 and R = (5, 1,2,4,3), then q(n) can be calculated using Theorem 4 
of the present paper. 
The related problem in which the summands must be congruent to 
elements of R modulo p but are not necessarily distinct has been considered 
in [I]. We remark, however, that the notation utilized in the present paper 
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differs somewhat from that employed in [l]. For example, the use of a bar 
over a letter to indicate that summands divisible byp are permissible has 
been discontinued. 
The fact that convergent series and symptotic formulas are obtainable 
for the partition functions of [l, 31 and the present paper is, of course, a 
consequence of the fact that we are dealing with the Fourier coefficients 
of modular (or almost modular) forms, as is clear from the transformation 
equations of the generating functions (Theorems 1 and 5 in [l], Theorem 1 
in [3], and Theorem 1 in this paper). The Fourier coefficients of auto- 
morphic forms of positive and zero dimension are discussed by Lehner in 
Chapter IX of [5] and our results agree quite nicely with Lehner’s. For 
example, the fact that Bessel functions of order 3/2 occur in the infinite 
series and asymptotic formulas for the number of partitions into parts 
(not necessarily distinct) congruent to elements of R modulo p (Theorem 6 
and Corollary 8.1 of [l]), while Bessel functions of order 1 occur in the 
infinite series and asymptotic formulas for the number of partitions into 
unequal parts congruent to elements of R modulo p (Theorem 4 and 
Corollary 5.1 of this paper), is due to the fact that the forms involved are 
of dimensions l/2 and 0, respectively (see Section 2J, Chapter IX of [5]). 
The present paper is not self-contained, but should be considered as a 
sequel to [l] and [3]. Free use is made of the results and arguments 
contained in these earlier papers. 
2. A GLOSSARY 
For convenience, we first list some of the important functions and 
parameters which will be encountered in the text. First we define 
F&) = fi fi (1 - ym+y. (2.1) 
m=o j=o 
Setting &(O) = 1, the generating function of Q&z) is 
I&(X) = fi fi (1 + x’~+~$) = i Q&z) x”. (2.2) 
m=o i=o ?Z=O 
Let k be a positive integer and let h be an integer such that (h, k) = 1. If 
p 1 k, we define the set 
T = {bo , b, ,..., &,I (2.3) 
as follows. b. = p, while, if 1 < j < r, we have b, = fhu,(modp) 
(whichever yields 1 < b3 <p/2) and b+-+j = p - bj . 
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Then we define 
&(x) = n 
m i 
(1 - X’m) fi (1 - x”m+%)(l - X’+=Q 
i=l 
)) = ;. MO x”, 
(2.4) 
where m = 1, 3, 5 ,... . 
If p f k, we define pi = exp(2viq/p), where if 1 < j < r we have 
kq = a,(mod p)(O < q < p), CX,+~ = --q , and a0 = 0. Then we define 
JR?&) = fi fi (1 + P&e, 
m=1 j=o 
(2.5) 
P&X) = fi fi (1 - pjx2+l) = f e&z) xn. 
w&=1 j=o TL=O 
(2.6) 
A = p2/2 + i (p2 - 6pa, + 6~3, B = p2/2 + i (p” - 6pb, + 6bj2). 
j=l j=l 
(2.7) 
B* = p2/4 + i (p2/2 - 6bj2). 
j=l 
w3) 
If S is a subset of R and p ( k, we define 
where aj E S, pj = aj(modp), 0 < pj d k. 
If S is a subset of R and p 7 k, we define 
where aj E S, pi = aj(modp), 0 < pj < K. 
Here K = pk, and ((x)) = x - [x] - + + &S(x), where 6(x) = 1 if x is an 
integer and 0 otherwise. 
Finally, with k* = k/2, we define 
w(R, h, k) = w(R, h, k)/w(R, h, k*) if 2p ( k, (2.11) 
W(R, h, k) = w(R, h, k)/o(R, 2h, k) if p I k, 2 +’ k, (2.12) 
z(R, h, 4 = x(R, h, k)/x(R, h, k*) ifp f k 2 I k (2.13) 
Z(R, h, k) = x(R, h, k)/x(R, 2h, k) if p f k, 2 7 k. (2.14) 
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3. THE TRANSFORMATION EQUATIONS 
Our first objective is to obtain a transformation equation which will 
exhibit the behavior of G&) near its singularities at the rational points 
on the unit circle. Noting that GR(x) = FR(x)/ER(x2) we have, using 
Theorem 5 of [l] and following exactly the same procedure as in Section II 
of [31, 
THEOREM 1. GR(x) satisfies the transformation equations 
G&r) = w(R, h, k) exp(44z - B/z)/6pk} GT(x’) if 2p 1 k, 
G&) = 2-li2 W(R, h, k) exp{n(Az + B*/z)/6pk} I&‘) if p 1 k, 2 f k, 
GR(x) = (- 1)” 2’z(R, h, k) fi cos m,/p * exp{@z - s/z)/6pk} JRL(X) 
j=l 
if p f k, 2 I k, 
GR(x) = 2-lj2Z(R, h, k) exp{r(Az + s/2z)/6pk} PR)(Y) if p f k, 2 T k. 
Here h is an integer relatively prime to the positive integer k, and z is a 
complex number with positive real part. 
x = exp{2vih/k - 2mz/k}; (3.1) 
x’ = exp{2dh’/k - 2T/zk), hh’ = -1 (mod k); (3.2) 
y’ = exp{2nig’/k - n/zk}, 2hg’ = -1 (mod k); (3.3) 
X = exp(2riH’lk - 277/zK}, phH’ = --I (mod k), K = pk; (3.4) 
Y = exp(2niG’lk - a/zK}, 2phG’ _= -1 (mod k), K = pk. (3.5) 
p is the number of c+ such that 01~ >p/2, where (Y~ is defined above [see 
Eq. (2.5)], and s = r + l/2. 
4. ESTIMATES OF FOUR EXPONENTIAL SUMS 
In this section we state some results concerning the magnitude of certain 
sums involving w(R, h, k), W(R, h, k), z(R, h, k) and Z(R, h, k). In Section 
V of [l] in which similar sums were encountered, the trivial estimates 
O(k) were sufficient due to the presence of the factor z1i2 in the transforma- 
tion equations for FR(x). Here, O(k) will not suffice but must be replaced 
by the estimates given in the following theorems. 
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THEOREM 2. The sums 
and 
S1 = c’ w(R, h, k) exp(-2Ti(hn - h’v)/k}, 
h mod k 
s, = z’ W(R, h, k) exp{ -2&(hn - g’v)/k}, 
h mod k 
where h = ((mod p), p f 5, hh’ = -1 (mod k), q < h’ < CJ~ (mod k), 
0 < a, < u2 < k, are each subject to the estimate O(n1J3k2/3+0 uniformly 
in v, 5, al , u2 , R. 
THEOREM 3. The sums 
and 
S, = c’ z(R, h, k) exp{--2?ri(hn - H’v)/k}, 
h mod k 
S, = 1’ Z(R, h, k) exp{--2rri(hn - G’v)/k}, 
h mod k 
where hh’ = -1 (mod k), q < h’ < u2 (mod k), 0 < u1 < u2 < k, are 
each subject to the estimate O(n1J3ka13+a) uniformly in v, a, , uz , R. 
Here u1 , u2 are integers and C’ indicates that h runs over a reduced 
residue system module k. g’, H’, G’ are given by (3.3), (3.4), and (3.9, 
respectively. 
The proofs of these theorems are “philosophically” similar to those of 
Theorems 2-5 in [3], although the details are different. In particular, it is 
necessary here to decompose each of w(R, h, k),..., Z(R, h, k) into two 
parts and then refer to results concerning these parts to be found in [2] 
and [3]. Since most readers would probably not be interested in these 
details, we have placed them in the Appendix to this paper (Section 6). 
5. A CONVERGENT SERIES AND ASYMPTOTIC FORMULAS FOR Q&z) 
Except for some minor differences (such as the presence of certain 
numerical constants and the replacement of r by s in some terms) 
Theorem 1 in this paper and Theorem 1 in [3] are formally the same. Also, 
Theorems 2 and 3 here are analogous to Theorems 2-5 in [3]. Therefore, 
propositions similar to those derived in Sections IV and V of [3] can be 
established for Q&z). It is certainly not necessary to give any details here; 
so we restrict ourselves to a statement of the results. 
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THEOREM 4. The number QR(n) of partitions of a positive integer n, 
n > -A/l2p, into distinct positive summands congruent module p,p > 3, 
to elements of R is given by the convergent series 
k=l b,=l v<--B/12~, 
m (P-1)/2 
-k 21’277 c c c S&j Bk?h VI MkT(% d 
k=l b,=l v<B*fBp 
(5.1) 
In the first sum, 2p 1 k; in the second, p 1 k, 2 { k; in the third, p 7 k, 
2 f k. q-(v) and eRk(v) are defined by (2.4) and (2.6), respectively. 
A,&, v) = c’ w(R, h, k) exp{-2+(nh - vh’)/k}, (5.2) 
h mod k 
BkT(n, v> = c’ W(R, h, k) exp{-27ri(nh - vg’)/k}, (5.3) 
h mod k 
where h = fb,p(modp), a,B = I(modp). 
&(n, v) = c’ Z(R, h, k) exp{-27ri(nh - vG’)/k}. (5.4) 
h mod k 
L,,(n, v) = k-l{(-B - 12vp)/J)‘l” 11{nJ1/2(-B - 12vp)l12/3pk}, (5.5) 
MkT(n, v) = k-l{(B* - 6vp)/J}lJ2 I,{.rrJ1j2(B* - 6vp)l12/3pk}, (5.6) 
Nk(n, v) = k-l{(s/2 - 6v)/J>‘/” 11(?rJ1/2(s/2 - 6v)‘12/3pk>. (5.7) 
Here J = 12np + A and I,(z) is the Bessel function. We also recall that 
A = P2/2 i- i (P” - 6paj + 6aj2), B = p2/2 + i (pz - 6pb, + 6b,2), 
j=l j=l 
B* = p2/4 + i (p2/2 - 6b,“), s = r + l/2. 
i-l 
THEOREM 5. As n ---f co, 
Q,(n) = 2%rW(12np + A)-ln (1 + O(exp{-cnllz})), 
where c > 0. Here W = C v<s/12 44 G(v) WG(vN, G(v) = (42 - 6W2, 
E = v(l2np + A)‘12/3p. 
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COROLLARY 5.1. As II + co, 
QR(n) = +/(12np + A))lj2 Z,{E(S/~)~/~}(~ + O(exp(-cn1/2})). 
COROLLARY 5.2. As n + co, 
QR(n) = (3~)“~ (s/2)‘/” (12np + A)-3/4 exp(E(s/2)1/2}(1 + O(n-li2)). 
In conclusion we remark that Theorem 4 does not hold if r = 0; i.e., 
if R = {p}. In this case it is obvious that Q&z) = q(n/p) if p 1 n and 
Q&z) = 0 if p f n. q(n) is the number of partitions of II into unequal 
parts (see [2]). 
6. APPENDIX. THE PROOF OF THEOREMS 2 AND 3 
The proofs of these theorems depend on the possibility of finding 
representations for w(R, h, k), W(R, h, k), etc., similar to those obtained 
for wa(h, k), IV,@, k), etc., in Section III of [3]. Here we discuss 
only w(R, h, k). The treatment of the others is similar. Writing 
w,(h, k) = ~({a,>, h, k) and o,(h, k) = w(R - {a,}, h, k), and, using 
(2.9) and (2.11), we can write 
w@, k 4 = b,@, k)l~,tk k*)H4k k)lw,tk k*H = 4h, k’) w&i 4, 
(6.1) 
where 2p I k, k = 2k* = pk’. Note that w&z, k) has the same meaning 
here as does w,(h, k) in [3]., Later, we shall show that w has the same 
meaning here as does w(h, k) in [2]. 
From (4.10) in [3], we have 
w,(h, k) = exp{2ni+(uh + uh’)/Gk}. (6.2) 
(b is defined byf+ E l(mod Gk), where f = 3, G = 4p if 3 I k and f = 1, 
G = 12p if 3 / k. h’ satisfies hh’ E -l(mod Gk), and u = rk2 - A + p2/2, 
v = 2rk*2 + B - p2/2, where A and B are given by (2.7). (Note that A and 
B here differ from A and B as given in [3] by p2/2.) 
From (6.1) and (2.9), we have 
where p = 1, 2 ,..., k’ and v = 1, 2 ,..., k’/2. It follows that 
w(h, k’) = exp \,i F ((p/k’))((hr/k’))/, p = 1, 3 ,..., k’ - 1, 
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and we see that w(h, k’) as given by (6.1) agrees with the definition of 
w(/z, k) as given by (2.1) in [2]. Therefore, if 4p I k, we have, from (3.5) in 
PI, 
w(h, k’) = exp{2?ri(C,(h, k’) + A(& + yh”)/Jk’)}. (6.3) 
C, is a real parameter satisfying C,(h, k’) = C1(h*, k’) if h = h*(mod 4). 
eA=l(modJk’),wheree=3,J=16if3rkande=l,J=48if3)k. 
hh” = -l(mod Jk’), and w = 2k’2 - 6k’ - 2, y = k12 + 2. From (6.2) 
and (6.3) we see that e =f and pJ = 4G. Thus, if we require that 
f$ = eX = l(mod 4Gk) and hh’ = hh” = -l(mod 4Gk), we can take 
4 = X and h’ = h”. From (6.1) (6.2), (6.3) we then have 
w(R, h, k) = exp{2~i(C,(h, k’) + +(u,h + u,h’)/4Gk)), (6.4) 
where u, = 4sk2 - 4A - 6pk and v, = 2sk2 + 4B. s = r + l/2. 
If 2p 1 k and k z 2(mod 4), then, writing k’ = 2k”, we have, from 
(4.11) in [2], 
o(h, k’) = exp{2d(C2(k’) + h(-h + h”)/Jk”)}. (6.5) 
C2 is real and does not depend on h (see [4]). eh = l(mod Jk”), where 
e=48,J=1if3fkande=16,J=3if3(k.hhnr--I(modJk”). 
From (6.2) and (6.5) we see that e = 16fand G = 4pJ. Since Jk” ( Gk we 
can take h” = h’. Furthermore, 16fh = f&mod Jk”) so that 
16h 3 #mod Jk”). Defining t by 16t = l(mod Jk”), we conclude that 
A 3 t&mod Jk”). It then follows from (6.1), (6.2), (6.5) that 
w@, h, k) = expGWC2(k’) + #u2h + v,h’)/Gk)), (6.6) 
where u2 = rk2 - A - 8p2t + p2/2, v2 = 2rk*2 + B + 8p2t - p2/2. 
Using (6.4) and (6.6), the estimate for S, stated in Theorem 2 can now 
be proved by using arguments of Section 7 in [l]. 
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